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1. INTRODUCTION 
In this paper, we consider the numerical solutions to the hyperbolic onservation law 
Ou 
Ot 
+ o(a(x) f(u)) = 0, (x, t) E R x R+, (1.1a) 
Ox 
u(x, O) = uo(x). (1.1b) 
It is well known that solutions of (I.i) may  develop discontinuities in finite time, even when the 
initial data are smooth. Because of this, we seek a weak solutions of (1.1). The classical work of 
Kru~.kov [1] gives the existence and the uniqueness of the entropy solutions to this problem. 
We restrict our theoretical discussion to the scalar case; extensions to systems can be done. 
We only consider the pure initial value problem. The initial-boundary value problem has to be 
discussed separately. 
Mathematical theory of the numerical schemes for the scalar conservation laws for k(x) = 1 
has been extensively developed. In particular, the total variation diminishing (TVD) schemes 
were developed in the series of the papers (see [2-6], for example). 
However, one is often led, in solving numerically the equations of immiscible two-phase flow 
in the porous media, to consider the scalar conservation laws with the flux F being the function 
of x and of the unknown function. In the important example of the Buckley-Leverett equation, 
F is the product of permeability depending on x and the function depending on the unknown 
saturation. 
Prnid [7] gives complete results for the Godunov scheme. He derived the total variational 
bounded (TVB) solver for*this class of problems. Numerical examples show an excellent agree- 
ment between the analytical solution and the approximate one. 
The goal of this paper is to construct a second-order TVB scheme. This method is more 
accurate than the Godunov method introduced in [7], and gives second-order accuracy at smooth 
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regions. This paper proposes a method in which a flux limiter approach of Sweeby [4] has been 
adapted. It is known that one important disadvantage of all TVD schemes is that they are 
at most first-order accurate at nonsonic ritical points. This restricts the accuracy of all TVD 
schemes to be at most first order in the Loo-norm and at most second order in the Ll-norm for 
general problems. 
2. THE LAX-WENDROFF SCHEME 
We shall consider numerical approximations to the initial value problem for nonlinear hyper- 
bolic conservation laws (1.1). 
Let u~ be the numerical solution of (1.1) as x s = jAx  and tn = nAt, with Az the uniform 
spatial mesh size and At the time step, and we set A = At /Ax .  In order to approximate 
equation (1.1), we introduce 3-point explicit Lax-Wendroff difference scheme (see [6,8]) of the 
form 
v• +1 = v 7 -- ~ {As+l /2A(k f )s+ l /2  + BS_ I /2A(k f )s_ I /2}  , (2.1) 
where 
AS+I I  2 -- 1 - vj.i. l/2, 
B j+ I /2  = 1 + I/s.}.l/2, 
l]j.l.ll 2 = )~ ks.l.l/2 aS+l~2. 
(2.2a) 
(2.25) 
(2.2c) 
Here, and in the following, 
A fj-}-l/2 = f j+ l  -- fS, (2.3a) 
fj+l/~ = fS+l + fS (2.35) 
2 
but [ AfS'bl/2 for uS+l ~ u s, 
aS+l/2 = I AUj+l/2' (2.4) 
f '  Cud), for US+l = u s. 
For a(u) = f'(u) > 0, the Lax-Wendroff difference scheme (2.1) may be written as 
~;-I-1 ..~ V;  -- ~A(k f ) j -1 /2  -- ~ {As+I/2ACkf) j -1-1/2 -- A j -1 /2A(k f )s -1 /2}  • (2.5) 
It is seen that this scheme is result of a first-order upwind scheme with an additional term added. 
Since it is well known that the Lax-Wendroff scheme is not TVD (or TVB), it is customary to 
remedy this by adding only a limited amount of the diffusion flux to the first-order scheme 
v'~ +1 = ~'] - ~,A(k/)S_I/2 - ~ {~jAs+l/2A(k.f)S+l/2 - ~s_IAs_I/2A(k$)S_I/2} , (2.6) 
where ~S is some form of limiter, taken to be nonnegative so as to maintain the sign of the 
antidiffusive flux. 
We differentiate t rms in (2.6) by using formula 
A(k.f)s+l/2 = kS+l/2A.fj+z/2 + .fs+l/2AkS+z/2. (2z) 
The scheme (2.6) can be written in the form 
- v~ - ~-~A/~- I /2  - ~ {~o~A~+I/2~+I/2A/~+I/2 
-~o~-iA~-~/2k~-i/2A/~-I/2} + ~ d~, 
(2.8) 
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where 
1 
dj -~ - f j _ l /2~k j_ l /2  - -  "~ {~ojAj+l/2fj.}.i/2hkj.}.l/2 - -~ j - lA j _ l /2 f j _ l /2hk j _ l /2} .  
We take for the limiter ~, a function of the ratio of two consecutive gradients 
A j_ i/2kj_ 1/2 i f j _  1/2 (2.9) 
rj ~- Aj+y/2kj+l /2 i  f j+i/2. 
We first consider the scheme 
A A {9~j } (2.10) v; '+1 = v7 - -  Aj_l/2k,_l/  S , -1/2 - j-1 , 
that is a scheme (2.8) with term A dj neglected. 
THEOREM 1. Suppose that the function ~o satisfies 
{ ~(r) = 0, i f r  < o, 
0 _< ~(r) g min(2, 2r), i f r  > 0. 
Then the scheme (2.10) is TVD and L°°-stable under the CFL condition 
0 <_ vj-1/2 <_ 1, Vj  e Z. (2.11) 
PROOF. The proof of this theorem is simple and will be omitted. See a similar theorem in [6]. 
3. EXAMPLE OF L IMITER 
We first recall that for ~o = 1, scheme (2.6) reduces to the Lax-Wendroff scheme, whereas for 
~o -- 0, it gives the underlying upwind scheme. For ~(r) = r, we obtain the 5-point upstream 
scheme of Warming and Beam. Indeed, for a(u) > 0, we have 
A 
"/)7 +1 --~ V 7 -- ~A(k f ) j -1 /2  + -~ {Aj_l/2A(kf)j_l/2 - A j -3 /2A(k f ) j -3 /2}  . (3.1) 
We will follow the Van Leer averaging of Lax-Wendroff and Warming-Beam schemes described 
in Sweeby [4]. The averaged scheme is written as 
V7+1 -~- V 7 - -  )thCkf) j_ l /2 
- -  ~ {Aj+l /2A(kf) j+l /2(1 - -  Rj) - -  Aj_ I /2A(k I ) j _ I /2(1  - -  Rj-1)} (3.2) 
4 
A {A j_ l /2A(k f ) j _ l /2 (  1 ~- n j )  - Aj_3/2A(kf) j_3/2(1 + Rj-1)} • 
4 
Equation (3.2) may be manipulated to give 
V~ +1 ---- V 7 -- AA(k f ) j -1 /2  
A 
-- -~ {Aj+l /2A(kf) j+l l2(1 -- .Rj) "l- Aj-V2A(kI) j - l l2(1 + Rj)} (3.3) 
+ ~ {AI-1/2A(k/)~-1/2(1 - Rj-1) + Aj-3/2ZX(k/b-3/2(1 + n, -1 )}  • 
We differentiate he above terms by using formula (2.7). Equation (3.3) is in the form of (2.6) 
with 
1 ~oj = ~ {(1 - Rj) + rj(1% Rj)}. (3.4) 
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¢" We get an expression for the function Rj as a function of rj as 
R(r) = 1 -[r~ (3.5) 
1 + Irl" 
Finally, we get an expression for the limiter as a function of r as 
r + Irl 
£o(r) = 1 + I~--~" 
Now, since ~o(r) >_ 0, it follows 
, satisfying the symmetry property .,t 
THEOREM 2. Suppose 
O, if r <_ O, 
~(~) = 2r 
l~r '  ifr_> 0, 
I l l" I lL*(") = ma~[/(u~)[  < oo, W > O. 
j ez  
Under the conditions of Theorem 1, scheme (3.2) is TVB and Loo-stable. 
PROOF. The proof of this theorem is simple and will be omitted. 
THEOREM 3. Let be u E C 2 and k E C 1. Then, scheme (3.2) is second-order accurate in domains 
of regularity of the solutions and away from its nonsonic extremes. 
PROOF. We just sketch the proof. By comparing with the Lax-Wendroff scheme, we obtain 
e(xj )  = -A-Aj+w2A(kI) j+I/2 (1 + Rj) - A-A t 3/2A(kf) j -3/2 (1 + Rj_I)  
4 4 - 
+ A=Aj+I/2A(kI)~+V~ (1 + Rj + R~-I). zA 
The main idea lies in the fact that 
rj - r j-1 = 0 (hx2) , 
wherefrom it follows that 
Now it is easy to see that 
R(r j )  -a ( , j _ , )  = o (z~2) .  
e(~j) = o(z~=~). 
For a(u) < O, we have 
'V; ÷1 ~- 'U; -- ,~A( k f ) j÷  l/2 
)~ {B~÷3/2A(kf) j÷3/2 (I -I- Rj÷l) 4" Bj÷i /2A(k f ) j+ i /2  (I + Rj+l) } +  
_ ,x {B j+ lnaC~/ ) j+v  ~ (1 - Rj) + B j _v2AC~/b_ I /~  (1 - R~)} 
4 
where 
B~-I /2kj -1/2ASj-1/2 
r~ = Bj+l/2k~+1/2,xl j+l/2. 
(3.6) 
(3.7) 
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Let us just mention that we multiply the parts of the Lax-Wendroff scheme by factor (1 + R) 
instead of (1 - R) as in the case a(u) > O. 
We see that equation (3.2) can be written in the conservative form 
1 
v~ +1 ---- vj  n _ AA(k f ) j _ l /2  - 4AGj_I/2 • 
Also, equation (3.6) can be written as 
A U~ +1 = V~ -- ,~h(k f ) j+ l /2  "[- ~AGj+I/2, 
where 
Gj = A j+ l /2A(k  f ) j+ l /2  (1 - R j )  -t- A j _ l /2A(k  f ) j _ l /2  (1 -t- Rj).  
4.  NUMERICAL  RESULTS 
In this section, numerical results are presented to demonstrate performance of the method 
described in the paper. The results of one numerical experiment are presented and compared to 
analytical solutions. 
We have run most examples using this scheme, but here we include only one example as 
representative. 
In this example, we apply scheme (3.2) to the following scalar initial-boundary value problem: 
Ou O(k(x) f(u)) = o, (x,t) e Q, (4.1a) 
Ot + Ox 
where Q = (0, L) × (0, T). We choose Burgers flux 
u 2 
f (u )  = "~. 
Also, we have chosen 
(4.1b) 
1 
k(x) = I + x - - -~"  (4.1c) 
We seek a solution to (4.1) subject o the initial condition 
i 
u(x,O) = , - -~r . - - -~ .  (4.1d) 
VI  +x"  
The boundary condition value u(0, t) at x = 0 is supposed to be known. For simplicity, we 
first find exact solution of the pure initial value problem (1.4a)-(1.4d) over (-oo, c~) and take 
value u(0, t) as a boundary value at x = 0. 
This example was used in [7]. The results of applying the first-order Godunov scheme can be 
found there also. 
REMARK 1. For the initial-boundary value problem, we still do not have a satisfactory good 
treatment. The usual method is to use a lower-order scheme near the boundary. Shu [9] de- 
scribed the procedure of boundary treatment which uses the original high-order scheme up to the 
boundary. In the case when k(x) -- 1, Shu's method is recommended. 
As a first approximation, we simply use 
Go = GI, GN = GN-I. (4.2) 
We also tried to use higher-order approximation for the function G near the boundary, i.e., 
Go = 2G1 - G2, GN = 2GN- I  - GN-2 .  (4.3) 
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This method gives much better results than method (4.2), but we still do not have a theoretical 
justification. 
Let the space interval (0, L) be divided into N subintervals, each of length Ax. The time step 
was then calculated as At = AAx  where A was chosen according to the inequality (2.11). We 
discretize initial condition and function k in the following way: 
v ° = Uo (x j ) ,  j = O, 1 , . . . ,N ,  
kj =k(xj), j =O, 1,...,N. 
The calculations in Figure 1 were performed with 16 time steps and 25 cells under the CFL 
restriction A = 0.78125. The initial condition, as well as the exact solutions at t = 0.5 and t = 1.0 
in Figure 1, are shown by the solid curve and indicated by a points; the values of the numerical 
solutions are shown by circles. The solution of (4.1) is smooth for t < 1.476. This example 
shows excellent agreement between the numerical and analytical solutions everywhere except at 
a nonsonic ritical point (i.e., the point at which ~ = 0, f'(u(x, t)) # 0). 
l .~! l U(xmt)  
1.2~ 
.1L .OO 
.75 
. sm 
• ee l  I I I I x 
. so  .~a • .ee - . ss  ~.oe  
Figure i. Az = 0.08, A = 0.78. 
Next, we demonstrate the kind of accuracy to be expected from this method in smooth problems 
by calculating a refinement sequence. In Table 1, we show the results at t = 1. We list the Loo- 
error and the Ll-error of these approximations to (4.1) for the refinement sequence of N with 
N = 25, 50, 100, 200, 400. The quantity r in this table is the "computational order of accuracy" 
which is calculated from two successive calculations. We observe value r to be greater than 4. 
Now we have experimental evidence that the proposed TVB scheme (3.2) is second-order accurate 
in LI. 
N 
25 
50 
100 
200 
400 
Table I. 
Loo LI 
0.0231900 0.0066438 
0.0085919 0.0014409 
0.0034300 0.0003271 
0.0011306 0.0000771 
0.0003101 0.0000169 
4.611 
4.405 
4.242 
4.862 
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5. CONCLUSION 
We propose a TVB scheme in this paper. Since this scheme is second-order accurate, it should 
be useful for solving problems with the flux depending on the space variable x and on the unknown 
function. The results of our calculations on the above example are very encouraging. 
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